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Let A be a CU-algebra with identity and suppose A has real rank 0. Suppose a
complex-valued function is holomorphic and bounded on the intersection of the
open unit ball of A and the identity component of the set of invertible elements of
A. We show that then the function has a holomorphic extension to the entire open
Ž .unit ball of A. Further, we show that this does not hold when A s C S , where S
is any compact Hausdorff space that contains a homeomorphic image of the
w xinterval 0, 1 . Q 2000 Academic Press
1. THE REMOVABLE SINGULARITY PROPERTY
Throughout, A denotes a Banach algebra with identity e, A denotesinv
the open set of invertible elements of A, and Ae denotes the identityinv
component of A . Also, A denotes the open unit ball of A, i.e.,inv 0
5 5 4A s x g A : x - 1 ,0
Ž . e Ž .and D A denotes A l A . In particular, D C is the open unit disc0 inv
punctured at the origin.
DEFINITION 1. A Banach algebra A has the remo¤able singularity
Ž .property if every bounded holomorphic function f : D A “ C has a
holomorphic extension to A .0
In this definition we consider the identity component of A ratherinv
than A since if A is not connected the holomorphic function on Ainv inv inv
which is 1 on one of the components and 0 on the others has no
holomorphic extension to A . It follows from Theorem 3 given in the next0
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Ž w x.section or see 12, Theorem 3 that our definition is no more stringent
when the range of f is allowed to be any Banach space.
Every finite dimensional Banach algebra A has the removable singular-
wity property by the classical Riemann removable singularities theorem 6,
xp. 30 and the characterization of the singular elements of A as those with
Ždeterminant zero. Define the determinant of an element of A as the
w x .determinant of its left regular representation 1, p. 3 .
w xDefinition 1 was given previously in 10, p. 460 for closed complex
Jordan algebras of operators on a Hilbert space and used to determine the
biholomorphic mappings of certain domains in these algebras.
DEFINITION 2. The holomorphic radius of a Banach algebra A is the
largest number r G 0 such that every holomorphic function f : A “ C
< Ž . < Ž . < Ž . <satisfying f x F 1 for all x g D A also satisfies f x F 1 for all x g A
5 5 Ž .with x F r. We denote the holomorphic radius of A by r A .
1 Ž .It is always true that F r A F 1. Indeed, let f be as in Definition 22
15 5 Ž . Ž .and let x g A with x - . Then g m s f me q x is holomorphic in C2
1< Ž . < < < Ž . Ž wand g m F 1 when m s since me q x g D A for these m. See 1, p.2
x . < Ž . < < Ž . < < Ž . <40 . By the maximum principle, g 0 F 1, i.e., f x F 1. Hence, f x F
1 15 5 Ž .1 for all x g A with x F by the continuity of f. Thus r A G . It2 2
Ž .follows from the Hahn]Banach theorem that r A F 1.
Ž .Also, r A s 1 if A has the removable singularity property. Suppose on
Ž .the contrary that r A - 1. Then there exist a holomorphic function f :
< Ž . < Ž . < Ž . <A “ C and a y g A such that f x F 1 for all x g D A and f y ) 1.0
Therefore
1
g x sŽ .
f y y f xŽ . Ž .
Ž .is a bounded holomorphic function on D A with no holomorphic exten-
sion to A .0
Ž . UFurther, r A s 1 for any C -algebra A with identity. This follows
w ximmediately from the first part of the maximum principle given in 8 . For
CU-algebras, this asserts that if f : A “ C is a holomorphic function
< Ž . <satisfying f u F 1 for all elements u in the identity component U of thee
< Ž . <set of all unitary elements of A, then f x F 1 for all x g A with
5 5x F 1.
‘Ž .EXAMPLE 1. Let A s H D , where D is the open unit disc. Clearly,
A is connected since each of its elements has a holomorphic logarithm.inv
Ž . XŽ .Define a continuous linear functional f : A “ C by f x s ex 0 r2.1 1
< Ž . < w x Ž .Then f x F 1 for all x g A l A by 3, Exercise 6.36 but f rj s1 0 inv 1
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Ž . Ž .err2, where j l s l and 0 - r - 1. Hence r A F 2re. In particular, A
does not have the removable singularity property.
Define a holomorphic 1-homogeneous function f : A “ C by2 inv
21x Ž .3
f x s .Ž .2 x 0Ž .
< Ž . < w x Ž .Then f x F 1 for all x g A l A by 3, Corollary 6.32 but f x does2 0 inv 2
not have a holomorphic extension to a neighborhood of 0 since each such
neighborhood contains a function rj, where r ) 0.
Ž . Ž .Let A and B be Banach algebras with identity and let a : D A “ D B
and b : B “ A be holomorphic functions satisfying0 0
b D B : D A ,Ž . Ž .Ž .
a b x s x for all x g D B .Ž . Ž .Ž .
It is easy to verify that if A has the removable singularity property then so
does B. Thus, for example, if the product algebra A = B with the max
norm has the removable singularity property then so do A and B.
Let S be a compact Hausdorff space and let T : S be a retract of S,
Ž .i.e., there exists a continuous map t : S “ T with t t s t for all t g T.
Ž . Ž . Ž .The above applies with a x s xrT for x g C S and b x s x(t for
Ž . Ž .x g C T . Thus if C S has the removable singularity property, so does
Ž .C T .
2. MAIN RESULTS
w x UDEFINITION 3 2 . Let A be a C -algebra and let S be the set of
self-adjoint elements of A. Then A has real rank 0 if the elements of S
with finite spectra are dense in S.
w x UAs shown by Brown and Pedersen 2 , many interesting C -algebras
U Ž .have real rank 0. For example, the C -algebra L H of all bounded linear
operators on a Hilbert space H has real rank 0. More generally, any von
Ž .Neumann algebra has real rank 0. The space C S of all continuous
functions on a compact Hausdorff space S has real rank 0 if and only if S
Žis totally disconnected. It is a von Neumann algebra only if S is extremely
. Ž .disconnected. Also, any AF-algebra has real rank 0. If L C H is the
U Ž .C -algebra of all compact operators on H, then A s C I q L C H has
Ž . Ž .real rank 0 as does the Calkin algebra L H rL C H . Note that the set
of invertible elements of the Calkin algebra has a different component for
w xeach value of the Fredholm index and thus is not connected. See 4 for
further details and references.
LAWRENCE A. HARRIS4
THEOREM 1. E¤ery CU-algebra A with identity that has real rank 0 has
the remo¤able singularity property.
EXAMPLE 2. Since the set of noninvertible elements of A may have
nonempty interior in infinite dimensions, removable singularities for the
Ž .domain A may not be removable for other domains. Let A s L H ,0
where H is an infinite dimensional Hilbert space, and recall that A isinv
w x Žconnected by 7, Problem 141 . Let ¤ be a nonunitary isometry in A such
.as the shift operator on l . Note that none of the operators in the ball2
5 5 4B ¤ ; 1 s x g A : x y ¤ - 1Ž .
U Ž . U 5 5is invertible by the identity ¤ ¤ y x s e y ¤ x since ¤ s 1. Take
1Ž .E s A j B ¤ ; 1 and let - r - 1. By the Hahn]Banach theorem, there0 2
U 5 5 Ž .is an l g A with l s l ¤ s 1 so the function
1
f x sŽ .
1 y r l xŽ .
is holomorphic and bounded in A . Hence f : E l A “ C is a bounded0 inv
holomorphic function which has no holomorphic extension to E since
Ž .¤rr g B ¤ ; 1 .
PROPOSITION 2. Let S be a compact Hausdorff space that contains a
w x U Ž .homeomorphic image of 0, 1 . Then the commutati¤e C -algebra A s C S
does not ha¤e the remo¤able singularity property. In fact, there exists a
Ž .bounded holomorphic function on D A that does not ha¤e a holomorphic
extension to a neighborhood of 0.
In view of these results, it is natural to ask whether the removable
singularity property characterizes those CU-algebras with real rank 0.
DEFINITION 4. A set S : A is said to be a thick subset of A if the only
Ž .homogeneous polynomial p: A “ C satisfying p x s 0 for all x g S is
p s 0.
w xA more stringent definition of a ``thick'' subset is given in 9, p. 130
Ž .where the open set V should be connected .
EXAMPLE 3. Let A be a CU-algebra and let S be the set of self-adjoint
elements of A. Suppose p: A “ C is a homogeneous polynomial with
Ž .p x s 0 for all x g S. If z g A, then z s x q iy, where x and y are
elements of S given by
z q zU z y zU
x s , y s .
2 2 i
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Ž . Ž .Hence g l s p x q l y is an entire function which vanishes on the real
Ž . Ž .line so g ’ 0. In particular, p z s g i s 0. Thus S is a thick subset
of A.
Proof of Theorem 1. It follows from the remarks after Definition 2 that
Ž . U Ž .r A s 1 since A is a C -algebra. Hence it suffices to show that part c
Ž .of Theorem 3 below holds when S is the set of self-adjoint elements in
A with finite spectrum. This set is thick by Example 3 since A has real
rank 0.
Ž .Suppose f : D A “ C is a bounded holomorphic function. Let x g S
Ž 5 5. < < Ž .with x / 0 and take d s 1r 1 q x . Given 0 - m - d , define g l s
Ž . < <f me q l x . Then g is bounded and holomorphic for l - d except at
most finitely many points l where me q l x f A . Therefore, theseinv
Ž .singularities are removable. Thus part c holds.
Ž . Ž .By the theorem below, each of the conditions a ] d with the additional
Ž .assumption that r A s 1 is equivalent to the assertion that A has the
removable singularity property.
THEOREM 3. Let A be a Banach algebra with identity. The following are
equi¤alent:
Ž . Ž .a E¤ery bounded holomorphic function f : D A “ X has a holomor-
 5 5 Ž .4phic extension to V s x g A : x - r A , where X is any Banach space.
Ž . Ž .b E¤ery bounded holomorphic function f : D A “ C has a holo-
morphic extension to a neighborhood of 0 in A.
Ž . Ž .c For e¤ery bounded holomorphic function f : D A “ C there is a
Ž .thick subset S of A such that each x g S the function l “ f me q l x has a
< < < <holomorphic extension to a disc l - d when 0 - m - d , where d ) 0.
Ž . ed E¤ery holomorphic function f : A “ C satisfyinginv
nn 5 5f l x s l f x and f x F xŽ . Ž . Ž .
for all x g Ae and l / 0 extends to a homogeneous polynomial on A ofinv
degree n, where n is any positi¤e integer.
w xIt is well known 5, Theorem 1.4 that a compact subset K of a domain
in C is a set of removable singularities for bounded holomorphic functions
Žwhen K is finite or countable since then the one-dimensional Hausdorff
.measure of K is zero. Moreover, the complement of K is connected.
Thus our proof of Theorem 1 shows that a Banach algebra A with identity
Ž .has the removable singularity property if r A s 1 and if the set S of all
elements of A with finite or countable spectrum is a thick subset of A.
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3. REMAINING PROOFS
Ž . Ž . Ž .Proof of Theorem 3. a « b . This follows with X s C since r A ) 0.
Ž . Ž . Ž . Ž . b « c . By b , f has a holomorphic extension to B 0; r s x g
5 5 4 Ž 5 5.A : x - r , where r ) 0. Take S s A, let x g S, and put d s rr 1 q x .
Ž . < < < < Ž .Then me q l x g B 0; r whenever 0 - m - d and l - d . Hence c
holds.
Ž . Ž . Ž .c « d . Let f satisfy the hypotheses of d . Given a complex
number m / 0 and x g A with x / 0, note that me q l x g Ae wheninv
5 5 < < Ž . Ž . < Ž . <l x - m . Hence g l s f me q l x is holomorphic and satisfies g l
Ž < <.n < < < < 5 5F 2 m for l - m r x . Applying the Cauchy estimates and the iden-
Žk . ÃkŽ . Ž .tity g 0 s D f me x, we obtain
nyk kk nÃ < < 5 5D f me x F 2 k! m x 1Ž . Ž .
for all x g A and m / 0.
Ž . Ž .By c , if x is in some thick subset of A, there is a d ) 0 such that g l
< < < <has a holomorphic extension to the disc l - d when 0 - m - d . By the
Cauchy estimates,
k! nkÃ 5 5D f me x F 1 q x d .Ž . Ž .kd
Ãk Ž .Hence the function m “ D f me x has a removable singularity at m s 0
Ãk Ž .and thus is entire. We obtain D f e x s 0 for k ) n by applying the
ÃkŽ . Ž .maximum principle to 1 for large disks. Therefore, D f e s 0 for all
k ) n.
By the power series expansion of f ,
n 1
kÃf x s D f e x y eŽ . Ž . Ž .Ý k!ks0
Ãk5 5 Ž .for x y e - 1. Since f is n-homogeneous and D f e is k-homogeneous,
1 nÃŽ . Ž .it follows that f x s D f e x. By the identity theorem, this holds for alln!
x g Ae .inv
Ž . Ž . Ž .d « a . Let f : D A “ X be a bounded holomorphic function.
5 Ž .5Without loss of generality, we may suppose that f x F 1 for all x g
Ž . e 5 5 Ž . Ž .D A . Given x g A , let r ) 0 satisfy r x - 1. Then g l s f l x is ainv
vector-valued function that is holomorphic in an open set containing the
< < wdisc l F r since l s 0 is a removable singularity of g by 11, Theorem
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x3.13.3 . Hence, applying the Taylor expansion for g with the Cauchy
w xintegral form of the coefficients 11, p. 96]97 , we obtain
‘
nf l x s f x l 2Ž . Ž . Ž .Ý n
ns0
< <for l F r, where
1 f l xŽ .
f x s dl. 3Ž . Ž .Hn nq12p i l< <l sr
Ž .Since r can be replaced by any smaller positive value in 3 without
Ž . Ž . Ž . echanging the value of f x , the formula 3 defines f x for all x g A .n n Inv
e Ž .Moreover, f is holomorphic on A since f is holomorphic on D A . Ifn inv
e 5 Ž .5 5 5 n Ž .x g A , then f x F x by the Cauchy estimates and f l x sinv n n
n Ž .l f x for all l / 0 by a change of variable.n
Ž l x.Note that f extends to a constant function on A. Indeed, f e is a0 0
w xbounded entire function of l and hence is constant 11, Theorem 3.13.2 .
 x 4 eThen f is constant on S s e : x g A so f is constant on A by the0 0 inv
w xidentity theorem 11, Theorem 3.16.4 since S contains a neighborhood
of e.
U 5 5Now for n G 1, let l g X be given with l s 1 and put p s l ( f .n
Ž .By d , p extends to a homogeneous polynomial on A of degree n. Hence
if x g A,
dn
nÃn! p x s p e q tx s l D f e x ,Ž . Ž . Ž .Ž .ts0 nndt
so
Ãnl n! f x y D f e x s 0.Ž . Ž .Ž .n n
ÃnŽ . Ž .It follows that n! f x s D f e x by the Hahn]Banach theorem. Thus,n n
f extends to a homogeneous polynomial of degree n on A. Further,n
< Ž . < Ž .n 5 5 np x r A F x since p is n-homogeneous, so
5 5 nx
f x FŽ . nn r AŽ .
by the Hahn]Banach theorem.
‘ Ž .Therefore, the series Ý f x converges to a holomorphic functionns0 n
ÄŽ . Ž . wf x for x g V and for x g D A by the Weierstrass M-test and 11,
Ä Äx Ž . Ž . Ž . Ž .Theorem 3.18.1 . Moreover, f x s f x for all x g D A by 2 . Thus f is
the required extension.
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Proof of Proposition 2. It follows from the Tietze extension theorem
w xthat the homeomorphic image of 0, 1 is a retract of S. Thus by the
w xremarks at the end of Section 1, it suffices to consider the case A s C 0, 1 .
We first show that there exists a holomorphic function h: A “ Cinv
satisfying
g 1Ž .
hŽg .e s 4Ž .
g 0Ž .
for all g g A .inv
Ž .Given g g A , it follows that g t / 0 whenever 0 F t F 1 so thereinv
f w x Ž . Ž .exists a f g A with e s g by 3, Theorem 4.1 . Define h g s f 1 y
Ž . c fycf 0 . To see that h is well defined, let c g A with e s g . Then e s 1
Ž . Ž . w xso f y c r 2p i is an integer-valued continuous function on 0, 1 .
Ž . Ž .Hence c differs from f by at most a constant and therefore h g s c 1
Ž . Ž .y c 0 . Clearly 4 holds.
To show that h is holomorphic at each g g A , let d be the minimum1 inv
< < 5 5of g and let g g A with g y g - d . Define a continuous function1 inv 1
w x w xF: 0, 1 = 0, 1 “ C by
F s, t s 1 y s g t q sg tŽ . Ž . Ž . Ž .1
and note that F has no zeros. Hence there exists a continuous function f :
w x w x f w x Ž . Ž .0, 1 = 0, 1 “ C with F s e by 3, Example 4.21 . Clearly F 0, t s g t1
Ž . Ž . Ž . Ž . Ž .and F 1, t s g t whenever 0 F t F 1. Define v s s F s, 0 and v s0 1
Ž .s F s, 1 for 0 F s F 1. By definition,
h g s f 0, 1 y f 0, 0 ,Ž . Ž . Ž .1
h g s f 1, 1 y f 1, 0 ,Ž . Ž . Ž .
h v s f 1, 0 y f 0, 0 ,Ž . Ž . Ž .0
h v s f 1, 1 y f 0, 1 ,Ž . Ž . Ž .1
Ž . Ž . Ž . Ž .so h g s h v q h g y h v .1 1 0
There exist holomorphic logarithms L and L in the discs0 1
D s l g C : l y g 0 - d , D s l g C : l y g 1 - d . 4  4Ž . Ž .0 1 1 1
Since v and v are line segments in D and D , respectively,0 1 0 1
h v s L v 1 y L v 0 s L g 0 y L g 0 ,Ž . Ž . Ž . Ž . Ž .Ž .Ž . Ž . Ž .0 0 0 0 0 0 0 1
h v s L v 1 y L v 0 s L g 1 y L g 1 .Ž . Ž . Ž . Ž . Ž .Ž .Ž . Ž . Ž .1 1 1 1 1 1 1 1
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Ž . 5 5Thus h g is holomorphic for g y g - d by the result of the previous1
paragraph.
Now define
f g s g 0 ehŽg .r2 .Ž . Ž .
Ž .2 Ž . Ž .Then f : A “ C is holomorphic and f g s g 1 g 0 for all g g A .inv inv
< Ž . <In particular, f g - 1 whenever g g A l A . Suppose there exists a0 inv
Äfunction f holomorphic in a neighborhood U of the origin of A and
Ä e Ä 2Ž . Ž . Ž . Ž . Ž .satisfying f g s f g for all g g A l A . Then f g s g 1 g 0 for0 inv
w xall g g U by the identity theorem 11, Theorem 3.16.4 . Define a holomor-
phic function g : D “ A by0
g l t s 1 q t l y 1Ž . Ž . Ž .
Ä 2 2Ž Ž ..and choose r with rA : U and 0 - r - 1. Then f rg l s r l for all0
l g D. This contradicts the fact that the identity mapping on D has no
holomorphic square root.
APPENDIX
In this section we discuss some other removable singularity theorems.
The first is an infinite dimensional extension of the classical Riemann
w xremovable singularities theorem 6, p. 30]31 . It asserts that the zeros of a
holomorphic function are removable singularities for holomorphic func-
Ž wtions that are locally bounded in an extended sense. See 13, Theorem
x .II.1.1.5 .
Ž .Let X be a Hausdorff topological vector space, let Y be a Banach
space, and let W be a locally convex topological vector space.
 Ž . 4PROPOSITION 4. Let D be an open set in X and let S s x g D : h x s 0 ,
where h: D “ W is a holomorphic function with h k 0 in D. Suppose f :
ŽD_S “ Y is a holomorphic function that is locally bounded on each non-
.empty intersection of a complex line with D. Then f has a holomorphic
Äextension f : D “ Y. Moreo¤er, D_S is a dense subset of D.
Proof. We will show that for each x g S, there exists a holomorphic0
function f defined in a neighborhood V of x such that f agrees with fV 0 V
at all points of V where f is defined.
By hypothesis, there exists an open balanced subset U of X with
x q U : D. We first observe that there exists a u g U with u / 0 and an0
Ž . Ž . r g 0, 1 such that h x q lu / 0 whenever l g C , where C s l g0 r r
< < 4 Ž . Ž .C : l s r . Otherwise, for every u g U, the function g l s h x q lu is0
holomorphic at each point of D and has a sequence of zeros with a limit
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Ž .point in D so h x q u s 0 by the identity theorem for vector-valued0
w xfunctions 11, Theorem 3.11.5 . It follows that h ’ 0 on x q U and hence0
wh ’ 0 on D by the identity theorem for functions of vectors 11, Theorem
x3.16.4 .
Therefore, x q lu g D_S for all l g C . Since D_S is open and C0 r r
is compact, there exists a neighborhood V of x such that V q lu : D_S0
whenever l g C . We may also choose V so that V q lu : D wheneverr
l g D.
Ž .By hypothesis, the mapping x “ f x q lu is holomorphic on V for
Ž .each l g C and the mapping l “ f x q lu is continuous on C forr r
each x g V. Define
1 f x q luŽ .
f x s dl. 5Ž . Ž .HV 2p i l< <l sr
ŽThen f is holomorphic in V since it is locally bounded in the usualV
. wsense and Gateaux differentiable in V by the argument for 11, TheoremÃ
x Ž w x .3.11.2 . See 11, Theorem 3.17.1 .
Ž .To show that f agrees with f on V l D_S , let x be a member ofV
Ž .this set. Since the holomorphic function l “ h x q lu has only isolated
Ž .zeros in D, the locally bounded function l “ f x q lu has only isolated
Ž .singularities in D. This also shows that D_S is dense in D. These
w xsingularities are removable by 11, Theorem 3.13.3 and thus the function
Ž . Ž .is holomorphic in D. Therefore, f x s f x by the Cauchy integralV
w xformula 11, Theorem 3.11.3 .
Finally, we show that any two functions f and f agree on V l VV V 1 21 2
when this set is nonempty. Clearly S is closed in D and has empty interior
by the identity theorem. Hence each component of V l V contains a1 2
neighborhood disjoint from S. By what we have shown, the functions fV1
and f agree with f on this neighborhood so f s f onV V V2 1 2
ÄV l V by the identity theorem. Thus the required function f is defined1 2
Ä ÄŽ . Ž . Ž . Ž .by f x s f x for x g D_S and f x s f x for x g V.V
Remark. The above proof shows that Proposition 4 holds for any set S
closed in D with the following property: For each x g S there exists a0
 4u g X and a neighborhood V of x such that the set l g D : x q lu g S0
is finite for each x g V.
Next, we establish a removable singularity theorem where the set S of
singularities apparently does not have the property mentioned above. Our
w xproposition replaces the trace class restriction of 10, Theorem 3 by a
more general compactness condition. Let X and Y be normed linear
Ž .spaces and let L X, Y denote the space of all bounded linear operators
from X to Y.
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Ž .PROPOSITION 5. Let A be a complex subspace of L X, Y and let
y1D s Z g A : CZ q D exists ,Ž . 4
Ž . Ž .where C g L Y, X and D g L X . Suppose C is compact or that A
consists only of compact operators and let W be a Banach space. If E is a
domain in A which intersects D and if f : D l E “ W is a holomorphic
Äfunction that is locally bounded, then f has a holomorphic extension f :
E “ W. Moreo¤er, D l E is dense in E.
Proof. Our proof relies on the fact that the spectrum of a compact
operator has no nonzero limit point. Adopt the notation
5 5B Z ; r s Z g A : Z y Z - r . 4Ž .0 0
We first show that if Z g D l E , then f has a holomorphic extension to0
a neighborhood of Z .0
Since f is locally bounded, there exists an r ) 0 and a number M such
Ž . 5 Ž .5 Ž .that B Z ; r : E and f Z F M whenever Z g B Z ; r l D. Given0 0
e ) 0 with 2e - r, by hypothesis there exists a Z g D l E satisfying1
5 5 Ž . Ž . Ž .Z y Z - e . Clearly B Z ; r : B Z ; r and Z g B Z ; r , where1 0 1 1 0 0 1 1
r s r y e . Define1
g l s f Z q lW ,Ž . Ž .1
5 5 Ž .where W g A with W F r . By hypothesis, g l is holomorphic at each1
Ž . 5 Ž .5l g D where C Z q lW q D is invertible. Moreover, g l F M for1
Ž .y1these l. Put X s CZ q D C. Since1 1
C Z q lW q D s CZ q D I q l X WŽ . Ž . Ž .1 1 1
Ž .and since X W is compact, it follows that g l is holomorphic at all but a1
Ž Ž .finite set of points in D. This also shows that D l B Z ; r is connected1 1
Ž . .and that B Z ; r : D l E. The points of this finite set are removable1 1
w x wsingularities by 11, Theorem 3.13.3 . Hence, by the Cauchy estimates 11,
xp. 97 ,
Žn.g 0 F n!M , n s 0, 1, . . . .Ž .
Žn. ÃnŽ . Ž .Since g 0 s D f Z W, it follows that1
n nÃD f Z r F n!M , n s 0, 1, . . . ,Ž .1 1
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w xand hence by the Weierstrass M-test and 11, Theorem 3.18.1 , the series
‘ 1
nÃD f Z Z y Z 6Ž . Ž . Ž .Ý 1 1n!ns0
Ž . Ž . Ž .converges to a holomorphic function f Z on B Z ; r . Since 6 is thee 1 1
Taylor series expansion for f at Z , it follows that f and f agree on a1 e
Äw xneighborhood of Z by 11, Theorem 3.17.1 . Therefore, f s f on D l1
Ž .B Z ; r by the identity theorem. Thus, f is the asserted extension of f to1 1 e
Ž .the neighborhood B Z ; r of Z .1 1 0
Moreover, by what we have shown, the nonempty set S s D l E is both
open and closed in E , so S s E ; i.e., D l E is dense in E. Thus, to
complete the proof, all we must show is that if f and f are the1 2
extensions of f defined above on the balls B and B , respectively, then f1 2 1
and f agree on B l B . This is a consequence of an argument in the2 1 2
proof of Proposition 4.
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